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A method is described of calculating the nonlinearity of boundary 
conditions of the third kind in solving problems of unsteady heat  con-  
duction on electrical models with RC networks, 

At p r e s e n t ,  many  t echn ica l  p r o b l e m s  of u n s t e a d y  
hea t  conduct ion a r e  so lved  b y  me thods  of ana log  s i m -  
ula t io~ on R and RC ne tworks  [1 -3 ] .  In both e a s e s  a 
f in i t e  d i f f e r ence  a p p r o x i m a t i o n  on the l e f t  s i de  of  the  
u n s t e a d y  hea t  conduct ion equat ion i s  c a r r i e d  out  ( s e c -  
ond spa t i a l  d e r i v a t i v e s ) ,  whi le  the f i r s t  d e r i v a t i v e s  
with r e s p e c t  to t i m e  a r e  so lved  in v a r i o u s  ways  which,  
in the f ina l  a n a l y s i s ,  a f fec t s  the m e a n s  of ob ta in ing  a 
so lu t ion .  In the  one c a s e  the  so lu t ion  i s  ob ta ined  con-  
t inuous ly  on RC ne tworks ,  and in the second  c a s e ,  on 
R ne tworks ,  a s  a r e s u l t  of s u c c e s s i v e  ca l cu l a t i on .  

In computa t iona l  p r a c t i c e  RC ne tworks  a r e  m o r e  
wide ly  used ,  due to t h e r e  be ing  l e s s  d i f f i cu l ty  in  ob-  
ta in ing  a so lu t ion .  The usua l  m e a n s  of p e r f o r m i n g  the 
ca l cu l a t i ons  i s  by  c o m m e r c i a l l y  a v a i l a b l e  ne twork  
m o d e l s  of s p e c i a l  ana log  c o m p u t e r s  and i n t e g r a t o r s  
of o r i g i n a l  des ign ,  e . g . ,  the SEI-01 of the T s K T I  
(Cen t r a l  B o i l e r - T u r b i n e  Ins t i tu te)  [3]. 

In so lv ing  the m a i n  c l a s s  of hea t  conduct ion  p r o b -  
l e m s ,  e . g . ,  in d e t e r m i n i n g  the t e m p e r a t u r e s  of the  
componen t s  of s t e a m  and gas  t u rb ine s ,  b o u n d a r y  con -  
d i t ions  of the th i rd  kind a r e  u sua l ly  employed ,  i . e . ,  
the  t e m p e r a t u r e s  T m of the m e d i u m  wash ing  the body  
and the hea t  t r a n s f e r  coe f f i c i en t s ,  s ,  a r e  a s s i g n e d ,  
s i n c e  t h e s e  quant i t i es  m o r e  su i tab ly  r e f l e c t  cond i t ions  
of convec t ive  hea t  t r a n s f e r .  The bounda ry  cond i t ions  
of the  t h i rd  kind v a r y  with t i m e ,  i . e . ,  s = f i t )  and T c = 
=J~(t). It  i s  known, a l so ,  tha t  an uns t eady  hea t  con-  
duct ion  p r o b l e m  is  non l inea r ,  s i n c e  the  p h y s i c a l  con-  
s t an t s  a p p e a r i n g  in the equat ions  d e s c r i b i n g  the phe -  
nomenon a r e  funct ions  of t e m p e r a t u r e :  
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OT 
a [T~ (t) - -  T, (t)l = - -  k On " (2) 

Unfor tuna te ly ,  in mode l ing  with RC n e t w o r k s ,  the 
n a t u r e  and a r r a n g e m e n t  of the equ ipment  does  not  
a l low v a r i a t i o n  of the phys i ca l  cons tan t s  and of one 
of the  cons t i tuen t  bounda ry  condi t ions  of s with t i m e .  
In p r a c t i c e ,  in the so lu t ion  of many  t echn ica l  p r o b -  
l e m s ,  k, c, and y a r e  a s s u m e d  to be  cons tan t .  How- 
e v e r ,  in d e t e r m i n i n g  the t e m p e r a t u r e  f i e ld s  of t u r -  
b ine  componen t s  us ing  hea t  t r a n s f e r  coe f f i c i en t s  con-  

s tan t  with t ime ,  c o n s i d e r a b l e  e r r o r  m a y  a r i s e  in c e r -  
ta in  c a s e s .  

Work  p e r f o r m e d  by  the a u tho r s  on the e l e c t r i c a l  
i n t e g r a t o r  of the ana log  s i m u l a t i o n  l a b o r a t o r y  of Kiev 
Sta te  U n ive r s i t y  has  p e r m i t t e d  the d e v e l o p m e n t  of a 
me thod  of s u c c e s s i v e  a p p r o x i m a t i o n s  fo r  a l lowing  fo r  
v a r i a t i o n  of the hea t  t r a n s f e r  coef f i c ien t s  in so lv ing  
u n s t e a d y  hea t  conduct ion p r o b l e m s  on RC ne tworks .  

The e s s e n c e  of the method  is  that ,  in so lv ing  un-  
s t e ady  hea t  conduct ion p r o b l e m s  with bounda ry  con-  
d i t ions  of the th i rd  kind v a r y i n g  with t ime ,  one c o m -  
ponent  ( s )  r e m a i n s  cons tan t ,  whi le  the  second  (Tm) 
is  v a r i a b l e ,  the law T m = f i t )  be ing  c o r r e c t e d  f r o m  
the condi t ion  of c o n s e r v a t i o n  with t ime  of the t rue  
hea t  f luxes  a t  the b o u n d a r i e s  of the body.  We d iv ide  
the t ime  i n t e r v a l ,  in which the uns t eady  p r o c e s s  b e i n g  
examined  t akes  p l ace ,  into s e v e r a l  i n t e r v a l s .  F o r  the 
i - t h  i n t e r v a l  we w r i t e  down the va lues  of the hea t  
f luxes  at  the b o u n d a r i e s  of the  body.  In so lv ing  p r o b -  
l e m s  with cons tan t  in i t i a l  va lues  s 0 and v a r i a b l e  v a l -  
ue s  of hea t  t r a n s f e r  coef f i c ien t s  s l ,  

q~ = a o (T~. - -  r,, ,  ) F ,  (3) 

qi = ai F (T~. - -  Ti). (4) 

Al l  the quant i t i es  a p p e a r i n g  in (3) a r e  known. In 
(4) the  wal l  t e m p e r a t u r e  i s  unknown, but  an a p p r o x i -  
m a t e  va lue  of qi may  be  wr i t t en ,  us ing  the wal l  t e m -  
p e r a t u r e  T0i, ob ta ined  in a ca lcu la t ion  with s0 = cons t .  
Having an a p p r o x i m a t e  va lue  of qi, we can c o r r e c t  
the  va lue  of the hea t  f lux in so lv ing  with s 0 = cons t  in 
the i - t h  t ime  i n t e r v a l ,  u s ing  in the ca l cu l a t i on  the 
f i c t i t i ous  t e m p e r a t u r e  of the m e d i u m  T~n, d e t e r m i n e d  
f r o m  the equa l i ty  

ql ~ % F (Trni - -  To i ) = ao F (r~. - -  Toi ), (5) 

T~. = czi (Trr~. - -  To  i ) -~ To i . (6)  
~o 

We need to m a k e  the s a m e  c o n v e r s i o n  fo r  a l l  the r e -  
m a i n i n g  t i m e  i n t e r v a l s .  By a s s i g n i n g  in the so lu t ion  
a new t e m p e r a t u r e  cu rve  conve r t ed  in this  way, we 
obtain ,  fo r  poin ts  ly ing  on the s u r f a c e ,  a new depen-  
dence  of v a r i a t i o n  of t e m p e r a t u r e s  T 1 = f ( t ) ,  c o r r e -  
sponding to the second  a p p r o x i m a t i o n  e f fec ted .  By 
subs t i tu t ing  T 1 into (6) in p l ace  of T0i, we obta in  a 
conve r t ed  m e d i u m  t e m p e r a t u r e  f o r  the th i rd  a p p r o x i -  
mat ion ,  and so on. The above  p r o c e s s  of a p p r o x i m a -  
t ion is  convergent ,  a s  ind ica ted  by  r e pe t i t i on  of va lues  
of conve r t ed  m e d i u m  t e m p e r a t u r e s  fo r  two s u c c e s s i v e  
a p p r o x i m a t i o n s .  
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O r i g i n a l  Data  of P r o b l e m s  of Cool ing  and Hea t ing  of an Inf in i te  
C y l i n d e r  

Quantity Dimensions Heating Cooling 

Diameter of in- 
finite cylinder 

Z 
a : )~/c "{ 

Duration of the 
process 
Range of variation of cr 
Law of variation of a 

m 

W/m .degree 
m 2/see 

sec 
W/m z �9 degree 

The me thod  d e s c r i b e d  fo r  s u c c e s s i v e  a p p r o x i m a -  
t ions  f o r  so lu t ion  of p r o b l e m s  on RC n e t w o r k s ,  with 
a l l owance  f o r  v a r i a t i o n  of hea t  t r a n s f e r  coe f f i c i en t s ,  
i s  app l i ed  as  fo l lows:  

1. The usua l  p r e l i m i n a r y  ca l cu l a t i on  of the un-  
s t e ady  p r o c e s s  with a0 = cons t  i s  p e r f o r m e d .  

2. T e m p e r a t u r e s  a t  a l l  poin ts  on the b o u n d a r i e s  of 
the r e g i o n  a r e  m e a s u r e d .  

3. A c o n v e r s i o n  a c c o r d i n g  to (6) of the t e m p e r a -  
t u r e  c u r v e s  is  c a r r i e d  out fo r  a l l  the b o u n d a r y  po in t s .  

1 4. New t e m p e r a t u r e  c u r v e s  T m - f ( t )  a r e  a s s i g n e d  
in ca l cu l a t i ng  the  next  a p p r o x i m a t i o n ,  i n s t ead  of T m = 

= f ( t ) .  
5. T e m p e r a t u r e s  in the second  a p p r o x i m a t i o n  a t  

a l l  the  s u r f a c e  points  a r e  m e a s u r e d .  Convers ion  of 
the  t e m p e r a t u r e  c u r v e s  of the m e d i u m  is  p e r f o r m e d ,  
b a s e d  on the va lues  obta ined ,  and so on. 

In p r i n c i p l e  the so lu t ion  m a y  b e  c a r r i e d  th rough  
with any cons tan t  b o u n d a r y  r e s i s t a n c e s ,  bu t  in th is  
e a s e  we m u s t  put  va lues  of a c o r r e s p o n d i n g  to the  
a s s u m e d  bounda ry  r e s i s t a n c e s  into (6) in p l a c e  of the 
va lue s  ~0. I t  should  be  noted that ,  to ob ta in  an a c c u -  
r a t e  so lu t ion  by the method  of s u c c e s s i v e  a p p r o x i m a -  
t ions ,  we m u s t  have the funct ional  t l : an s fo rm  f o r  a s -  

1 s i g n m e n t  of T m =f ( t )  a t  each  b o u n d a r y  point  of the 
mode l .  

The method  of s u c c e s s i v e  a p p r o x i m a t i o n s  has  been  
u sed  to so lve  p r o b l e m s  in the cool ing  and hea t ing  of 
an inf in i te  c y l i n d e r .  F o r  c o m p a r i s o n ,  we a l so  so lved  
the p r o b l e m s  b y  the L i e b m a n n  method ,  i . e . ,  by  d i -  
r e c t  ca l cu la t ion  of the v a r i a t i o n  of the hea t  t r a n s f e r  
coe f f i c i en t s .  The o r i g i n a l  da ta  on these  p r o b l e m s  a r e  
shown in the t ab le .  

F i g u r e  1 shows g r a p h i c a l l y  the r e s u l t s  of c o m p a r -  
i son  of the a b o v e - m e n t i o n e d  ca l cu l a t i ons ,  r e s u l t s  
b e i n g  given fo r  a l l  the a p p r o x i m a t i o n s  e f fec ted .  The 
f i r s t  a p p r o x i m a t i o n  f o r  the ca lcu la t ions  of h e a t i n g  
and cool ing  c o r r e s p o n d s  to so lu t ions  which have been  
ob ta ined  up t i l l  now, in u s ing  cons t an t  hea t  t r a n s f e r  
coe f f i c i en t s ,  a p p r o p r i a t e  to s t e ady  condi t ions .  The 
l a r g e s t  d i s c r e p a n c y  in the f i r s t  a p p r o x i m a t i o n  with 
r e g a r d  to r e s u l t s  of ca l cu la t ion  of s i m i l a r  p r o b l e m s  
by  the L iebmann  method  cons t i tu ted  9.2% in hea t ing ,  
and 30% in cool ing.  The va lues  of the d i s c r e p a n c i e s  
w e r e  d e t e r m i n e d  with r e s p e c t  to the m a x i m u m  t e m -  
p e r a t u r e  in the  c y l i n d e r  in the s t eady  r e g i m e .  In 
so lv ing  the cool ing  p r o b l e m  in the second  a p p r o x i -  
mat ion ,  the m a x i m u m  d i v e r g e n c e  was 14.5%, in the 
th i rd ,  5.85, in the four th ,  2, and in the fifth,  <1%. 

0.35 

31.8 

2.1.10-~ 

900 

106-530 

0.35 

31.8 

2. I-10 -2 

900 

530-106 

a i =  106@0_ 472 ai=530--0. 472 

The d i s c r e p a n c y  obta ined  in the fifth a p p r o x i m a t i o n ,  
e x p r e s s e d  in d e g r e e s ,  d id  not  exceed  1 - 2  ~ , which 
p r a c t i c a l l y  f a l l s  in the r a n g e  of a c c u r a c y  of so lu t ion  
of an u n s t e a d y  hea t  conduct ion  p r o b l e m  by the L i e b -  
mann  me thod .  In ca l cu l a t i ng  hea t ing ,  the m a x i m u m  
dev ia t ion  in the  second  a p p r o x i m a t i o n  was 1.7%, 
whi le  in the t h i rd  a p p r o x i m a t i o n  the c a l c u l a t e d  t e m -  
p e r a t u r e s  a g r e e d  to an a c c u r a c y  c o r r e s p o n d i n g  to that  
of so lu t ion  by  the L i e b m a n n  method .  The s l o w e r  con-  
v e r g e n c e  in cool ing  is  due to the f ac t  that  in th i s  c a s e  
the d i s c r e p a n c i e s  ob ta ined  in the  f i r s t  a p p r o x i m a t i o n  
a r e  c o n s i d e r a b l y  g r e a t e r  than the d i s c r e p a n c i e s  in 
the  hea t ing  c a l c u l a t i ons .  We m a y  a c c e l e r a t e  c o n v e r -  
gence  of the  so lu t ion  in cool ing  by  u s e  of the mean  

$ 

h e a t  t r a n s f e r  coe f f i c i en t s  a =  --,-~j'a(t)dt in i n t e g r a l  

the ca lcu la t ion ,  the in i t i a l  condi t ions ,  i .~  the s t eady  
t e m p e r a t u r e  f ie ld ,  be ing  c a l c u l a t e d  p r e l i m i n a r i l y  with 
(~0 c o r r e s p o n d i n g  to the  condi t ion  men t ioned .  In th is  
c a s e  even the th i rd  a p p r o x i m a t i o n ,  a s  in hea t ing ,  g ives  
r e s u l t s  d i f f e r ing  f r o m  those  b e i n g  c o m p a r e d  by  not  
m o r e  than 1 - 2  ~ . 

Using  the i d e a s  which u n d e r l i e  the  method  of  s u c -  
c e s s i v e  a p p r o x i m a t i o n s  d e s c r i b e d ,  we m a y  s o m e -  
what  f a c i l i t a t e  so lu t ion  of p r o b l e m s  of u n s t e a d y  hea t  
conduct ion by  the L i e b m a n n  method ,  f o r  r e g i o n s  with 
a deve loped  s y s t e m  of b o u n d a r y  condi t ions  of the t h i rd  
kind.  The L iebmann  method  a l lows  us  to t ake  account  
of v a r i a t i o n  with t ime  of the p h y s i c a l  cons tan t s  of the 
m a t e r i a l  and of the hea t  t r a n s f e r  coe f f i c i en t s .  How- 
e v e r ,  in so lv ing  t echn ica l  p r o b l e m s  with a l l owance  
f o r  only v a r i a t i o n  of (~, f o r  complex  r e g i o n s ,  a p p r e -  
c i ab l e  d i f f i cu l t i e s  a r i s e  in connec t ion  with the need  
to v a r y  a l a r g e  n u m b e r  of b o u n d a r y  r e s i s t a n c e s  in 
each  t ime  i n t e r v a l ,  which t akes  up a good dea l  of t ime ,  
and m a y  be  the c a u s e  of a c c i d e n t a l  e r r o r s .  The con-  
v e r s i o n  f o r m u l a  f o r  d e t e r m i n i n g  the b o u n d a r y  t e m -  
p e r a t u r e  wi l l  have,  in th is  ca se ,  f o r  the i - t h  i n t e r v a l  
of so lu t ion ,  the fo l lowing f o r m :  

a-'-7 ( T m T -  Tm~ ! - T i - l  " (7) 

E x p r e s s i o n  (7) i s  not  exac t ,  s i nce  in i t  we u s e  the 
t e m p e r a t u r e  of a bounda ry  point  c o r r e s p o n d i n g  to i - 
- 1, i . e . ,  to the p r e c e d i n g  t i m e  i n t e r v a l .  In p r a c t i c e  
the so lu t ion  is  a c c o m p l i s h e d  in the fol lowing o r d e r :  

1) A mode l  of the r e g i o n  unde r  examina t i on  is  cho-  
sen  and in i t i a l  condi t ions  a r e  a s s i g n e d .  
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2) The sys tem of boundary conditions (Tm and the 
boundary res i s t ances )  is  drawn up, the values of the 
boundary r e s i s t a n c e s  being calculated according to 
the corresponding c~ values of the ini t ia l  conditions, 
while the t empera tu re  of the medium is calculated 
according to (7). 

3) Measurements  a r e  made.  
4) P repara t ion  of solution of the next s tep reduces  

to conversion and ass ignment  of new values of the 
medium t empera tu re  T 1 m "  

The approximation method, which allows us in so lv-  
ing an unsteady problem by the Liebmann method 
to take into account var ia t ion  of the heat  t r ans fe r  co- 
eff icients without var ia t ion  of the boundary r e s i s t a n c e s  
which s imula te  the convective heat t r ans fe r ,  was em-  
ployed and gave good r e su l t s  in solving methodological  
p rob lems  in the cooling of an infinite cyl inder ,  whose 
conditions have a l ready  been desc r ibed  above. The 
l a r g e s t  deviation f rom the r e su l t s  of calculat ion by 
the Liebmann method with ~ = v a r  do not exceed 3.5% 
of the maximum t empera tu re  level  in the cyl inder .  

The method of success ive  approximat ions  for  so-  
lution of unsteady heat  conduction prob lems  on RC 
networks has been used to solve more  complex prob-  
l ems .  The uns t eady t empera tu r e  f ie lds  were  obtained for  
the ro to r  of a natural  gas turbine in a check condition, 
the boundary and ini t ia l  conditions being calculated 
according  to data f rom one of the tes t s  c a r r i e d  out on 
this machine.  The r e su l t s  of the calculat ion were  v e r -  
flied f rom the read ings  of 69 thermocouples  in the 
calculat ion t ime in te rva l s .  F igure  2 shows the v a r i -  
ation of t e m p e r a t u r e  according  to the t e s t  r e su l t s ,  for  
typical  points on the ro tor  (A1,A10, L4), as  well as 
giving the resu l t s  accord ing  to each calculat ion ap-  
proximat ion per formed.  As ea r ly  as the third approxi -  
mation,  the maximum deviation between the tes t  and 
the calculated t empe ra tu r e s  did not exceed 1.5% of 
the maximum t empera tu re  level  in the ro tor .  

The invest igat ion pe r fo rmed  indicates  that the 
method of success ive  approximat ions  desc r ibed  may 
be recommended for  appl icat ion on exis t ing equip- 
ment with RC networks,  for  ca lcula t ing the var ia t ion  
of heat  t r ans fe r  coeff icients ,  in solution of unsteady 
heat conduction p rob lems .  

In solving prob lems  by the Liebmann method on 
complex models  with developed boundary conditions 
of the third kind, an approximat ion method of ca lcu la -  
ting the var ia t ion  of heat  t r a n s f e r  coefficients may be 
useful,  since the difficulty of solution then d e c r e a s e s ,  
and the poss ib i l i ty  of e r r o r s  in r eass ignment  of bound- 
a ry  r e s i s t a n c e s  is excluded. 

NOTATION 

d0 and c~ i a r e  the heat  t r a n s f e r  coefficients c o r r e -  
sponding to the ini t ia l  conditions and the i - th  t ime in- 
terval ;  Tmi is the t empera tu re  of medium for  i - th  
t ime interval ;  T0i is  the t empera tu re  of sur face  fo r  
i - th  t ime in terval  obtained with c~ = ~0 = const; T i is  
the t empera tu re  of sur face  for  i - th  t ime in te rva l  ob- 
tained with ~ = va t ;  Ti-1 is  the t empera tu re  at  one of 
points lying on the boundary of the object .  
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